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Abstract 

We present the Lax operator for the N = 3 KdV hierarchy and consider its extensions. 
We also construct a new infinite family of iV = 2 supersymmetric hierarchies by exhibiting the 
corresponding super Lax operators. The new realization of iV = 4 supersymmetry on the two 
general N = 2 superfields, bosonic spin 1 and fermionic spin 1/2, is discussed. 
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1. Introduction. During the last years the description of three different infinite families of 
N = 2 supersymmetric integrable hierarchies in terms of super Lax operators has been proposed 
in JT], |2|, ^, |J. The generalization to the matrix case has been derived in p, Q. All these Lax 
operators L have the following generic form || 
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L%j, = d + b + nD+ 



a,jd 



[Daj] D 



D, D 



d J 
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which is the general solution of the reduction constraints [D, L r ^ p ] = | for the N = 2 
supersymmetric KP hierarchy. Here b (/j.) are chiral bosonic(fermionic) N = 2 superfields while 
dj (cjj) are generic bosonic(fermionic) onesQ. The Lax operator (fj) still contains an infinite 
number of fields and its further reductions |3], ffl are characterized by a finite number of fields 
and describe three families of N = 2 supersymmetric hierarchies with N = 2 super W n algebras 
as their second Hamiltonian structure. 

These three families of hierachies include the N = 2 a = — 2,4 KdV equations and two 
KdV equations with N = 4 SU(2) superconformal algebra as the second Hamiltonian structure 
|| |9], [II], 0]. However they do not describe neither iV = 2 a = 1 KdV equation |7|] nor N = 3 
KdV ones |TT |. The aim of this letter is to present the Lax operator for N = 3 KdV equation, 
which generalize the Lax operator for N = 2 a = 1 KdV ones [0, and based on it, to construct 
a new infinite class of further reductions (with a finite numbers of fields) of the Lax operator 
([TJ) which gives rise to new integrable N = 2 hierarchies. 



2. Lax representation for N = 3 super KdV equation. N = 3 supersymmetric KdV 
equation with N = 3 super conformal algebra as its second Hamiltonian structure has been 



proposed in [jnj . In terms of iV = 2 superfields it can be written as the following coupled system 
of evolution equations for the general bosonic spin 1 superfield J(Z) and general fermionic spin 
1/2 superfield g(Z): 



dt 



d 
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-J'" - (J 3 )' + 3(J [D, D}J)' + 3(g' [D, D]g)' - 

12( J Dg Dg)' + Q(DJ g Dg)' + 6(DJ g Dg)' , 

-g'" + QJ(DJ Dg + DJ Dg) + 3( J [D, D]g)' - 3 J 2 g - 

Qg' DgDg-6(g DgDg)', 
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where Z = (z, 8, 9) is a coordinate of the N = 2 superspace, dZ 
covariant derivatives D and D are defined as 
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dzdOdO and the fermionic 
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One can check that the equations (|2]) are covariant with respect to the following transformations 
of an extra hidden supersymmetry: 



5 J = eg', 5g = eJ 



(4) 



where e is a Grassmann parameter. Just this additional supersymmetry together with explicit 
N = 2 ones form N = 3 supersymmetry. 



lr The equivalent reduction DL r £% = L r £%D 



has been proposed in 
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The N = 3 KdV equation (H) can be obtained from the Hamiltonian 



H = —3 J dZ (j[D, D]J + - J 3 — g[D, D]g' + 2Jgg f + 8JDgDg^j 



(5) 



if we use the N = 3 superconformal algebra Poisson brackets, which read in terms of iV = 2 
super currents J(Z) and g(Z) as follows: 



~ [D, D}d + dJ + Jd + DJD + D JD 



{J(Z0,J(Z 2 )} = 

{j(zo,^ 2 )} = 

^(Zx),^)} = |(J9+[D,S]) A(Z 1 -Z 2 ) . 



dg + ^0 - - Z^) A(Zx - Z 2 ) 



J 2), 
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Here A(Zi — Z 2 ) = (6\ — 2 ){9i — 9 2 )8(zi — z 2 ) is N = 2 superspace delta function and all 
operators in r.h.s. are evaluated in the second point. Let us stress that in the contrast with two 
other different N = 3 KdV equations |13|, [L4|], the equation (|2]) and Hamiltonian (|5|) explicitly 
break the 5*0(3) internal symmetry of iV = 3 superconformal algebra to U(l) symmetry. 

It was shown in |TTJ that the equation (Q) possesses first 3 nontrivial conservation laws 
and therefore it should be integrable one. Now we turn to the basic item of this section, the 
construction of the Lax operator for the N = 3 KdV hierarchy (|2|). Keeping in mind that in 
the limit g —>■ the N = 3 KdV equation reduces to the N = 2 a = 1 KdV one, which can be 



described by the following Lax operator |L2 

L a=1 = d- 



D,D 



d~ L J 
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we propose the following Lax operator for N = 3 KdV hierarchy 



d- 



D,D 



d-\j 



D,D 



d-'g 



D,D 



d~ x g 



Now, one can check that the Lax operator 
the Lax equation 

d , 



indeed gives rise to the N = 3 KdV flows via 



dt 



2n+l 



(L 2n+l ) 
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where {+} denotes the differential part of the Lax operator. The conserved currents for the 
Lax operator (H) are defined by the standard N = 2 residue form as 



H n = JdZ tr (L 2n+1 



where tr denotes the coefficient standing before [_D,U]<9 -1 . 

Thus, we have proved the integrability of the N = 3 KdV equation. 

To close this section, let us note that the field g appears in the Lax operator 
pair. Therefore, one can immediately generalize the Lax operator (M\ as follows 



(10) 
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where we introduced M general N = 2 fermionic superfields 9 j and K general N = 2 bosonic 
superfields bj. The resulting coupled system of evolution equations look a bit complicated and 
we write here the third flow equations only for the case bj = 

J^J = -J"'-(J 3 y + 3(J[D,D]jy-12(JDg t D gi )' + 

Q(DJ 9l D 9i y + Q(DJ 9l Dgi)' - 3([D,D] gi g[)' , 

= —g'" + 6 J (DJ Dgi + DJ Dgi) + 3(J [D, D] 9i )' — 3 J 2 g[ — 

6(0 ^ " 6(0/ ^ + 3[D, D] 9l [D,D} 9l 9l - 3g> g\ 9l (12) 

(summation over repeated indices is understood). Thus we have got new integrable extensions 
of N = 3 KdV hierarchy. 



3. New Lax representation for N = A KdV. In some cases the known Lax operators could 
give hints how to construct their generalization or ever how to construct new Lax operators. For 
example, the N = 4 KdV Lax operator || has been constructed as junction of two known Lax 
operators. As an another example, the N = 2 a = 4 KdV lax operator |7] can be constructed 
from the N = 2 a = 1 one (|7|) as follows [H| : 



J a=4 



T* 



(13) 



where star means formal operator conjugation. Since the N = 3 KdV Lax operator @ is a 
generalization of the N = 2 a = 1 KdV one, the analogous procedure in this case might yield 
new integrable systems. The basic aim of this section is to demonstrate that this is indeed the 
case. 

Thus, based on the above consideration, let us present the following Lax operator 

L = d-J-Dd- 1 [DJ]+d- 1 [DDg]Dd- l [Dg]+d- 1 Dg[Dg]+gDd- l [Dg]. (14) 

Here J and g are the general N = 2 bosonic and fermionic superfields correspondingly, and the 
square brackets mean that the relevant operators act only on the superfields inside the brackets. 



We have checked that the Lax operator (|I~4|) gives rise, through the Lax equation 



_d_ 



>>i ' 



(15) 



to the self-consistent hierarchy of the evolution equations (here subscript {> 1} denotes the 
purely differential part of the Lax operator). For the Lax operator (|i~4"D the Hamiltonians H n 
are obtained from the constant term of L n |16|], that is 



H„ 



dZ (L n ) 



(16) 



where subscripts means the constant part of an operator. 
Explicitly, the second flow reads: 

J- J = [D,D\J' + 2J'J + 2(D 9 D 9 y , 

J-0 = [D, ~D\g' — 2D J Dg — 2D J T)g + 2g' J . 

at 2 



(17) 
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An interesting peculiarity of the Lax operator ([14]) is that it can be rewritten in terms of J and 
bosonic chiral-antichiral superfields G, G, defined as 

G = Dg, G = Dg. (18) 

In this new basis the Lax operator (|14"D reads as 

L = d-J- W- 1 (DJ) + d~ l GG - <T 1 (DG^DG , (19) 

while the second flow equations take the form 

-£-J = [D,D]J' + 2(GG)' + 2 J' J , 

J-G = G" - 2DD(J G) , -^-G = -G" - 2DD( J G) . (20) 
In the equations ( PU[ ) one can immediately recognize the second flow equations of the N = 4 



KdV hierarchy [§, [TjJ. Thus, the Lax operators QUI), (|T9f) provide the new description of the 
N = 4 KdV hierarchy. 

It is easy to check the covariance of the second flow equations (EH) under the transformations 



of an extra hidden N = 2 supersymmetry [fL7H 



5 J = eDG + IDG , 5G = eDJ, 5G = eDJ, (21) 

where e, e are mutually conjugated Grassmann parameters. Together with explicit N = 2 
supersymmetry they form N = 4 supersymmetry. It is somewhat surprising that the N = 4 
supersymmetry can be realized on the superfields J and g, but in a non-local way 

5 J = eDDg + tDDg , 5g = eDDd~ l J + eDDd~ x J . (22) 

Thus the pair of general superfields J, g also forms the multiplet of iV = 4 supersymmetry. 
Let us stress ones more that all flow equations of iV = 4 KdV hierarchy together with all 
Hamiltonians can be rewritten in terms of general superfields J and g. We suspect the N = 4 
577(2) superconformal algebra itself can be rewritten in terms of superfields J and g. 

4. New reduction of N = 2 KP hierarchy. In the previous section we constructed the new 
Lax operator for the N = 4 KdV hierarchy. It turns out that this Lax operator ([[4]) commutes 
with spinor covariant derivative D and then it belongs to the same class of Lax operators as 
([[]). Moreover, it looks like N = 2 a = 4 KdV Lax operator plus extra pieces including only 
additional field g (or G and G). Therefore, it is natural to consider the following extension of 
this Lax operator B: 



DF , 



s-l 

L s = d s + J2 ( J s-jd - [DJ] D) d j - 1 -J s - 7J<T 1 [DU] - F A F A - F A Dd~ l 

3=1 

+8- 1 [DDg B ] DO- 1 [Dg B ] + {-ifosd^Dgs [Dg B ] + g B Dd- x [Dg B ] (23) 

(summation over repeated indices is understood). Here d 9B is a grassmann parity of superfield 
9b, d g = 1 (dg = 0) for fermionic (bosonic) superfields, J s are general bosonic N = 2 superfields, 
Fa and Fa are (n + m) pairs of chiral and antichiral N = 2 superfields 

DF A = DF A = (24) 
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which are fermionic for A — 1, . . . ,n and bosonic for A = n + 1, . . . ,n + m and gs are k + l pairs 
of general N = 2 superfields, fermionic for B = 1, . . . , k and bosonic for B — k + 1, . . . ,k + I. 
Such operator provides the consistent flows 

d , 



dt n 



{L n ) >l , L 



and the infinite number of Hamiltonians can be obtained in a standard way: 



dZ(L n \ 



(25) 



(26) 



To better understand what kind of hierarchies we have proposed, let us consider explicitly 
the first simplest hierarchies corresponding to the values s = 1, 2 and s = 3 in the Lax operator 
L s (p3|) ) with single fermionic superfield g (k = 1,1 = 0) and one pair of F,F superfields 
{n = 1, m = 0). 



1. The s — 1 case. 

For this simplest case the Lax operator 



has the following form (J x = J): 



Li 



d - J - Dd~ l [DJ] -FF- FDd- 



DF 



+3- 1 [DDg] DO' 1 [Dg] + d^Dg [Dg] + gOd' 1 [Dg] , (27) 
while the second flow equations read 

■^-J = [D,D]J f + 2J'j + 2(DgDg)' -2DJ F DF -2F F J' + 2DJFDF, 

Ot2 

d — — — _____ 

— g = [D, D]g' — 2DJDg — 2DJDg — 2g'J — 2g'FF — 2F Dg DF + 2F Dg DF, 

2 



d_ 



-F" + 2F'J + 2FF'F + 2F DF DF - 2D J DF, 



d — — — — 

/ = F" + 2F'J -2F DF DF -2F' F F -2D J DF 

dt 2 



(2f 



From these expressions we can easily see that in the both limits F = F = and g = they 
coincide with the corresponding flows 

of the N = 4 KdV hierarchy [§, [17]] in the different bases while atF = F = g = 0we 
obtain the N = 2 a = A KdV hierarchy. Thus, our family of N = 2 hierarchies includes the 
well-known N = 2 a = 4 and N = 4 KdV hierarchies (in two different bases) and possesses the 
new Lax-pair representation for their extensions. 

2. The s = 2 case. 

For this case the Lax operator reads as (Ji = J, J 2 = W) 



d 2 + Jd - [DJ] D-W - Dd' 1 [DW] - FF - FDd' 1 
+0- 1 [DDg] Dd- 1 [Dg] + d^Dg [Dg] + gBd' 1 [Dg] , 



DF 



(29) 
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providing the following second flows equations 



— J = 2W' -2{FF)' , —W =[D,7J\W -DWDJ - DWDJ + 2{DgDg)' -W'J , 

ut% Ot2 

d — d — — — — — 

—F = -F" - F'J + DJDF, —F = F" - F'J + DJDF , 

ot 2 ot 2 

£-g = [D,D]g' + DJDg + DJDg-g'J . (30) 
0L2 



With g = this Lax operator has been considered in [Tj|. With the superfield g it describes 



new extension of the N = 2 a = —2 super Boussinesq hierarchy (F = F = g = limit). 
3. The s = 3 case. 

For this more complicated case we present only the third-flow equations in the limit F = 
F = which give the new supersymmetric extension of the iV = 2 a = —1/2 Boussinesq 
equation (again we redefined the fields as J\ = J, J 2 = W, J3 = U): 

dt 3 

—W = -U" --[D,D]U' + DUDJ + DUDJ-3Dg'Dg + 2U'J-3DgDg' , 
UL3 2 2 

Af/ t = -U'" - DU'DJ + DWDU - \dJ[D, D]gDg + \~DJg'Dg + DU'DJ 
01% 2 2 

+-([D,~D\gg)' + DUD J' + DWDU + DJ[D,D]gDg + DJg'Dg 
+ [D,D}U'J + J'DgDg + -\Dj5\UJ' + -U'J' - WU' + 2J(DgDg)' , 
^9 = -9"'- (DJDg)' + [D,D]g'J + ^[D,D]gJ' + DWDg + DWDg 

+\g'J' - 9'W + DJDg' . (31) 

The extension of this system by the superfields F and F can be straightforwardly derived from 
the Lax-pair representation (p3|) and we do not present it here. 



5. Conclusion. In this letter we present the Lax operator for iV = 3 KdV hierarchy and 
thus proved the integrability of the latter. We also constructed a new infinite family of N = 2 
supersymmetric hierarchies by exhibiting the corresponding super Lax operators. As a by- 
product we find the new realization of iV = 4 supersymmetry on the two general superfields - 
bosonic spin 1 J and fermionic spin 1/2 g. We suspect that the constructed Lax operators can 
be extended to the matrix case, like in 0, |J] (at least for the Lax operators from the sections 
4,5). It is rather interesting problem to extend the present consideration to the case of third 
KP reduction hierarchies H. The detailed analysis of these problems is under way. 
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